COMPOSITES IN CONSTRUCTIONS

Proceedings of the International Conference Composites in Constructions - CCC2003
Cosenza, Italy, September 16-19, 2003

Edited by

Domenico Bruno
University of Calabria, Italy

Giuseppe Spadea

University of Calabria, Italy

Ramnath Narayan Swamy
University of Sheffield, UK

EDITORIALE BIOS



Composites in Constructions, Bruno et al (eds), ©2003, Editoriale Bios

Stress-strain relationship of damaged solids containing elliptic cracks

| Huang Hsing Pan

| Kaohsiung University of Applied Sciences, Kaohsiung, Taiwan

ABSTRACT: A mean-field approach different from the self-consistent model is used to simulate the stress-
strain curve of a damaged solid with elliptic cracks. The effective secant moduli of cracked materials strongly
depend on the Poisson ratio of the matrix and the crack density, and only the shear modulus displays a certain
degree of sensitivity on the crack shapes The results also show that the overall stress-strain curves of the
cracked body affected by the crack shapes are found to be weak. Meanwhile, the result of circular cracks can
represent the overall dilatational behavior. The effective secant moduli of damaged solids are also explicitly
established. As compared with the experimental data of cement paste and mortar, the derived theory is in an

acceptable range of accuracy.

1 INTRODUCTION

The full stress-strain curve of the cement-matrix
composite in general is nonlinear, and controlled by
the nonlinear behavior of cement paste in its own
right and the volume fraction. Many literatures
(Wang ct al.1978, Carreira & Chu 1985, Harah et al.
1990, Wee et al. 1996, Attard & Setunge 1996) have
been presented to descript the stress-strain behavior
of concrete composite. Besides, microcracking of
cement paste, mortar or concrete is correlated with
applied strain under uniaxial compression (Carras-
quillo et al. 1981, Attiogbe & Darwin 1987, 1988).
The nonlinear response of the damaged body is due
to non-linearity of the cement or mortar as well as
the cracks themselves. This leads to more nonlinear
softening cement or mortar.

The aim of this study is to evaluate the stress-
strain relationship of a cracked solid containing cl-
liptic cracks theoretically. Assuming that the dam-
aged material is a two-phase composite with homo-
geneously dispersed, elliptic cracks, that is, it
consists of cement paste (or mortar, concrete) as the
matrix and the elliptic cracks as the inclusions.
Then, the composite as a whole is isotropic. The as-
pect ratio of elliptic crack vy is equal to w/l, where w
= the width and / = the length of the crack, respec-
tively. The two extreme shapes of the elliptic crack —
Circular crack and ribbon-shape crack — are repre-
sented by y=1 and y— 0, in turns. The derived the-
Ory in part is based on the randomly oriented mean-
field approach (Tandon & Weng 1986), and now ex-
tends it to the cracked body by using the crack den-

sity instead of the volume fraction of the inclusions.
With the aid of the secant moduli of the matrix, the
overall stress-strain curve of the cracked body is fi-
nally determined.

2 EFFECTIVE SECANT MODULI

To find the stress-strain curve of the cracked body,
one needs to know the effective elastic moduli of the
two-phase composite first. The mean-field approach
(Mori & Tanaka 1973) instead of the self-consistent
method (Law & Brockenbrough 1987) is used to de-
termine the effective moduli of the composite. De-
tailed exposition of this method based on Eshelby’s
equivalent transformation straine” (Eshelby 1957)
can be found.in Weng (1984). In the two-phase sys-
tem, the matrix will be referred to as phase 0, and
the cracks as phase 1. The volume concentration of
the r-th phase will be denoted by ¢,. Meanwhile, the
clastic bulk and shear moduli of the r-th phase will
be written as K, and |, respectively.

The M-T method calls for the introduction of a
homogeneous comparison material with the moduli
of the matrix, and subject it to boundary tractions
giving rise to a uniform strain £°. Then, the overall
strain of the composite material &, which is also the
overall strain of the comparison material with filled
€ (or eigenstrain), can be written as

(M

where the angle brackets <[J> = orientational aver-
age of the said quantity. The equivalent transformed
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strain depending on the uniform strain £° can be ex-
pressed by

ce >=A"¢° 2)
where B - eigenstrain concentration tensor. The
components of the eigenstrain concentration tensor
are dependent on the specific configuration of the
inclusion arrangements (Pan & Weng 1995). By
substituting (2) into (1), the effective elastic bulk
and shear moduli of the isotropic composite, k and
p, are found to be
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where p and g are two constants in terms of the in-
clusion shape, the volume concentration and mate-
rial properties of the constituents.

For the cracked body, the volume fraction of the
inclusion ¢; will go to zero or ¢;— 0. Then, one
should replace the volume concentration ¢, by the
crack density (Zhao et al. 1989) with the definition
(Budiansky & O’Connell 1976) as
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where (= crack density; N = total number of cracks
per unit volume; 4 = area of the crack; and P = pe-
rimeter of the crack. The constants in (3) and (4) for

the cracked material with 3-D randomly oriented el-
liptic cracks are simply found as

1 =4 I-v,
Y 1-2v,

n (6)
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Where £ = complete elliptic integral of the sccond
kind, not the cffective Young modulus; F = com-
plete elliptic integral of the first kind; and 3 = Pois-
son ratio of the matrix. These integrals £ and F de-
pend on the crack shape y. By substituting (6) into
(3), the explicit form of the effective bulk modulus
can be recast as

1
16 1-v; .
9 1-2v,

(8)
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Obviously, the effective bulk modulus is independ-
ent of the crack shape.

"« For circular cracks, £ = F =1/2, and for the rib-

bon-shaped cracks, £ =1 and F — . Thereby, one
can find the effective shear modulus of damaged
material with circular cracks to be

H |
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and that with ribbon-shaped cracks to be

ﬁ=8; (10)
Ho 1+4—5(10—7vo)/}

From (8)~(10), the crack density and the Poisson ra-
tio of the matrix dominate the behavior of the
cracked solid. It is noted that the effective moduli of
the cracked solid in (8)-(10) is only good for the
elastic behavior.

As mentioned, the stress-strain curve of the
cracked materials is always nonlinear, and the effec-
tive moduli should not be constant under loading.
This is because the elastic constraints of the matrix
become weak as applied stresses or strains grow.
Due to this reason, the concept of the secant moduli
successfully predicted in the overall elastoplastic
stress-strain relations of dual-phase metals (Weng
1990) is used.

To obtain an estimate of the stress-strain response
of the cracked material, the analysis procedures al-
low the elastic moduli of the matrix to change. The
explicit forms of the effective moduli of the dam-
aged solid, then, change from elastic moduli to se-
cant ones with the superscript “s” referred as the se-
cant moduli, or the secant bulk modulus k° is of the
form

K’ 1 :
P = B (1)
Ko 16 1-v,
1+— -7

9 1-2v;
and the effective secant shear modulus *
Hy ]+}2( —Vo)( :Vo)n

45 2—v;

for the circular cracks, and

ﬁE-:_glﬁ (13)
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for the ribbon-shaped cracks. In the meantime, the
constant available to elliptic cracks in (7) also be-
comes
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3 NUMERICAL RESULTS

It is now of interest to apply the developed theory to
cxamine some practical material systems. Two mate-
rials - cement paste and mortar - are choscn to inves-
tigate the effects of microcracks on the stress-strain
relation. The material properties of the constituents
are shown in Table | for cement paste, and in Table
2 for mortar (Attiogbe & Darwin 1987, 1988). Both
materials with water-cement ratios (w/c) of 0.5 were
studicd. At the beginning of the test, the applied
strain ¢ = 0 and some pre-existing cracks exist in the
matrix, for example, N=0.015 for cement paste in
Tablel.

Table 1. Material properties of cement paste with w/c=0.5.

Applied strain  Crack density

£ n Eo(GPa)' v,
0.0 0.015 17.50 0.240
0.0005 0.020 17.12 0.242
0.001 0.024 16.65 0.241
0.002 0.033 15.28 0.242
0.004 0.076 12.11 0.246
0.006 0.105 9.47 0.262

*Eo = Young’s modulus of the matrix.

Table 2. Material properties of mortar with w/c=0.5.

Applied strain Crack density

£ n Eo(GPa)  vo

0.0 0.008 33.00 0.200
0.0005 0.018 31:52 0.214
0.001 0.022 26.56 0.249
0.002 0.040 20.11 0.290
0.003 0.072 14.81 0.352
0.004 0.088 8.48 0.441

To simulate the stress-strain curves of cement
paste and mortar, the data in Table 1 and Table 2 are
used. When the applied strain increases, the stiffness
moduli decrease. It allows the Young modulus and
the Poisson ratio of the matrix in both tables to be
taken as the secant ones. Besides, cement paste and
mortar are damaged progressively and still can be
assumed to remain isotropic during loading (At-
tiogbe & Darwin 1987).

The overall stress-strain curves of the damaged
solid arc determined from (11) — (14), and the rela-
tions — K=E/3(1-2v) and p=E/2(1+v) — of the inde-
pendent constants are also used. Once the effective
Young modulus £°(€) of the cracked material is
evaluated, the stress-strain curve is found by

oc=E(¢)¢

(15)

The calculated stress-strain curves for cement paste
and- mortar are depicted in Fig. 1 and Fig. 2 respec-
tively. The elastic curve shown in both figures
means the initial modulus of the matrix.
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Figure 1. Stress-strain curves for cement paste with w/c=0.5.
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Figure 2. Stress-strain curves for mortar with w/c=0.5.

4 DISCUSSION

According to the derived secant moduli based on the
mean-field approach and the experimental data, the
results are discussed as follows.

4.1 Effective moduli of the damaged solid

The derived moduli of the cracked material in (11)
and (14) indicatc that the effective moduli strongly
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depend upon the secant Poisson ratio of the matrix
and the crack density. The crack shape merely af-
fects the shear modulus, but not the bulk one. As the
shear moduli in (12) and (13) are calculated by sub-
stituting the Poisson ratio from 0 to 0.5, the modulus
ratio varies from | to 12/13. This means the material
containing circular cracks and that with ribbon-
shape ones have the same shear modulus at v, = 0,
and only 8% difference at vo = 0.5. In the other
hand, the crack shape does not an important factor
comparing with the Poisson ratio and the crack den-
sity. One might use the results of circulate cracks to
represent the behavior of the cracked body.

The calculated moduli reduction affected by mi-
crocrack during applies strains are shown in Table 3
and Table 4 if the crack shape is circular. The effec-
tive Young modulus and Poisson ratio of the dam-
aged material are denoted as E. and v, respectively.
From Table 3 and Table 4, the effective Young
modulus reduces as applied strains increase for both
cement paste and mortar. The effective Poisson ratio
of cement paste in Table 3 does not change much at
applied strain smaller than 0.004, but will increase
as € 0.004. For the cracked mortar in Table 4, the
effective Poisson ratio grows rapidly as € increases.
The tendency of v, is similar tov,.

Table 3. Moduli reduction of cement paste” with w/c=0.5

Applied strain  Young’s modulus Poisson’ ratio
Z Eo (GPa) E.(GPa) v, A

0.0005 17.12 16.54  0.242 0.235
0.001 16.65 1597 0241 0.232
0.002 15.28 1443 0.242 0.230
0.004 12.11 10.68  0.246 0.220
0.006 9.47 8.00 0.262  0.226

* Circular cracks included.

Table 4. Moduli reduction of mortar” with w/c=0.5

Applied strain Young’s modulus  Poisson’ ratio

& Eo (GPa) E(GPa) v, Ve

0.0005 31.52 30.54 0214 0.208
0.001 26.56 25.57  0.249 0.241
0.002 20.11 1880  0.290 0.273
0.003 [A81 13200 0.3520:318
0.004 8.48 7.44 0441 0.393

* Circular cracks included.

4.2 Stress-strain relation

The stress-strain curves are simulated and depicted
in Fig.1 and Fig.2. The predicted curves are plotted
in the dotted line with the points of the dark circle.
The calculated stresses of cement paste and mortar
are shown in Table 5.

Although the curve with circular cracks (y=1) pro-
vides a little high valus of stresses compared with
that with the ribbon cracks (y—0), they almost lie at
the same curve. This result shows that the crack
shape only display a little degree of sensitivity on
the stress-strain curve.

Table 5. Crack shape effect on the stress—strain relation.

Applicd strain Cement paste (MPa)  Mortar (MPa)
‘& y=1 y-0 y=1  y—0
0.0005 827 827 1527 1527
0.001 1597 15.96 25.57 25.56
0.002 28.87 28.85 37.61 37.58
0.003 ’ O 39062 39.53
0.004 42.72  42.68 29.75  29.61
0.006 47.8 4792 4 0

* Circular crack with y=1 and ribbon crack withy—0.

Meanwhile, the predicted curves also close to the
experimental curves with the solid line, and the pre-
dictions are better than those calculated by Attiogbe
& Darwin (1988) in Fig.1 and Fig. 2. It seems that
the cstablished approach is suitable for estimating
the stress-strain curves of the cracked cement paste

and cracked mortar.

5 CONCLUDING REMARKS

A mean-field method combining with the secant
moduli is presented to evaluate the overall stress-
strain relation of damaged solids, especially on ce-
ment paste and mortar. The secant moduli concept is
based on the weakness of the matrix constraints due
to microcracking, and that reduces the effective
moduli. This approach can account for the effect of
the crack shape, and shows that the behavior of the
cracked solids depends on the Poisson ratio of the
matrix and the crack density, but is less dependent
on the crack shape. The explicit forms of the effec-
tive secant moduli have been shown and available to
estimate the stress-strain curves. Indeed, this ap-
proach can also simulate the elastoplastic behavior
of two-phase composites, like metal- or ceramic-’
matrix materials if the secant moduli of the matrix
are known first.
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